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Amdanl's and Gustafson-Barsis's Laws Revisited

Andrzej Karbowski
War Um\,c 5\' chGJ 10log

Po and

ty of Electronics and Information Technology, Institute of Control and Computation Engineering,

Abstract: Amdahl’s and Gustafson-Barsis’s laws, which belong to the most influential concepts in
parallel and distributed processing, describe limits on the speedup obtained owing to parallelization
of an application when the sequential fraction of the time of the execution of it on, respectively,
sequential and parallel machines, are given. In the literature these two laws are derived separately
or their connections are shown in rather complicated ways. In this paper it is shown that by simple
arithmetic transformations in few lines Gustafson-Barsis’s Law can be obtained from Amdahl’s Law

and vice-versa.
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1. Introduction

Amdahl’s Law [1] was formulated about six decades ago and
has been one of the most influential concepts in parallel and
distributed processing [24]. The law describes the limits on
the speedup obtained from the execution of an application
on a parallel machine with its relation to the single-proces-
sor!, sequential machine. More precisely, Amdahl’s Law con-
nects the speedup of the application on the parallel machine
with the sequential fraction of the program and the number
of processors.

Although several alternative efficiency measures have been
proposed [6, 13, 23, 19] Amdahl’s Law is still the most power-
ful tool to assess the performance of parallel systems. Only
small modifications are necessary to describe the speedup in
current systems with multicore processors [14, 9, 22, 10, 16].

About a decade after Amdahl’s paper, on the basis of
some experiments, Gustafson claimed that “the assumptions
underlying Amdahl’s 1967 argument are inappropriate for the
current approach to massive ensemble parallelism” [7]. Fur-
thermore, he formulated, using his words, “an alternative to
Amdahl’s Law suggested by E. Barsis at Sandia [National
Laboratories]”, in which the size of the problem increases with
the number of processors. The so-called Gustafson-Barsis’s Law
is said to vindicate the use of massively parallel processing [18].

However, in the author’s opinion, when we analyze deeper
both laws, we see that they are strongly connected, that is

' In this paper the term “processor” is used in the abstract sense, that is
understood as a core.
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Gustafson-Barsis’s Law can be directly derived from Amdah-
I’s Law and vice-versa. To the author’s knowledge, there is no
publication showing this formally. Even in the latest works
[2, 3,11, 16, 12, 19, 5, 17] these two laws are derived separa-
tely and recognized as the alternative descriptions of the com-
plicated world of parallel processing.

In 1996 Shi in an unpublished manuscript [21] stated that
“there is really only one law but two different formulations”.
He showed calculations on sample data how to get the speedup
due to the Amdahl’s Law having serial percentage from the
Gustafson’s Law and that both speedups are equal. Unfortu-
nately, there is no formal analysis, and the formula connecting
serial percentages in both laws is given arbitrarily.

There were trials to show the connection between these
two laws done by Sun and Ni [23] and recently by Schryen
[20]. They treated Amdahl and Gustafson-Barsis’s laws as
particular, simplified forms of a more general law estimating
speedup, considering uneven workload allocation and commu-
nication overhead.

In this paper the author will show that the connection
between Amdahl’s and Gustafson-Barsis’s laws is more direct
and simpler and points out the essence of this relationship.

2. Derivation of Amdahl's and
Gustafson-Barsis’s laws

Although in the original Amdahl’s paper [1] there were no
equations, basing on the verbal description one may present
his concept formally. It is assumed in the model that the pro-
gram consists of two parts: sequential and parallel. While the
time Tseq(n) of the execution of the sequential part for a given
size n is the same on all machines, independently of the num-
ber of processors p, the parallel part is assumed to be perfectly
scalable, that is the time Tpm(n,p) of its execution on
a machine with p processors is one p-th fraction of the time of
the execution on the machine with one processor

T (n1
1 ) = )
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If we take into account, like Amdahl and Gustafson, only the
structure of the application, neglecting communication and syn-
chronization overheads and other factors influencing the real time
of the execution of the application (e.g. process/thread creation
time)? the total real-time T'(n,p) of the execution of the program
on a machine which uses p processors will be equal to

T(n.p) =T, (n)+ T, (n.p) @

We can define now the sequential fraction coefficient &(n, p)

of the application as:

_ T@Eq(n) — Tseq(n)
s(n,p) = T+ T, (n,p) Y

The sequential part time Tseq for a given problem size n and
every p = 1, 2, ... satisfies the equation

T, (n)=¢&(n,p)-T(n,p) (4)

In particular, for the sequential machine we express the
sequential part time

T,,(n)=&(n,1)-T(n,1) ()

and the parallel part time

T, (n,1) = (1=&(n,1))- T(n,1) (6)

The parallel part time T~ on the machine with p processors,
owing to (1) and (6), may be calculated from the expression

‘T (n,1)=

par

T, (n,p) = (1-&mD)- Ty (7)

1
p

ASEEE

The total time T'(n, p) on this machine due to (2), (5) and (7)
is the sum of the sequential and the parallel parts time, that is

T(n,p)=T,,(n)+T,, (n,p)
(1-¢&(n1)-T(n,1)

=&(n,1)-T(n,1) + . (8)
- |:§(n, 1+ %}”U} T(n,1)

From (8) we get directly the formula for the speedup S(n,p)
obtained due to the parallelization of the application:

_T(n1) _ 1
D)= o) fo1)» Lm0 ¥

p

The formula (9) is called Amdahl’s Law.

2 The precise speedup model was presented e.g., in [4, 15]. The most impor-
tant consequence of taking into account the overhead component in the
formula of the total time T(n, p) is that the expressions on the speedup for
all p > 1 will define the upper bound.
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We may look at the parallel application from a different view.
Gustafson was the first who noticed that “it is the parallel or
vector part of a program that scales with the problem size” [7].
In some experiments described in [7, 8] it was assumed that the
run time was constant, while the problem size scaled with the
number of processors. More precisely, the time of the sequen-
tial part was independent, while the work to be done in parallel
varied linearly with the number of processors.

Following Gustafson, the total time required by a serial pro-
cessor to perform the task equals to?

T(n,1)=T, (n)+T,, (np)-p (10)
so, using this and (2), the scaled speedup of the process exe-
cuted on the parallel system is equal to [15]:

Stn.p) = T(n,1) T,m)+T, (n,p)-p
P ) T T )+ T, (np)

seq par

_pT, (n)+pT, (n,p)-(p-1T, (n)

T, m+T, (np) (11)
T, (n)

T, (m+T, (np)

seq

=p+(1-p)-&n,p)

=p+(l-p)

In short:

S(n,p)=p—(p-1&(n,p) (12)

The last equation is called the Gustafson-Barsis’s Law.

3. The main result

We shall demonstrate now that by merely a simple substitu-
tion and elementary arithmetic operations Gustafson-Barsis’s
Law can be directly derived from Amdahl’s Law. The deriva-
tion is based on the observation that for a given problem size
n there is a constant in all executions of the program, on
machines with different number of processors. This constant
is the time of the execution of the sequential part Tsaq(n) for
the given problem size n, as expressed in Eqn. (4). It is inde-
pendent of the number of processors p, that is:

T, (1)=& p) T(np) = const., p=123,...  (13)
So, for any p =1, 2, 3, ...
From equation (14) we get:
E(n1) = £(n,p) TP (15)
’ T (n,1)

Replacing &(n,1) in equation (8) by (15) we will get:

T(n.p) = £n.p)- T(n,p) + el EWPVTE) (g
p p

3

For the consistency of the presentation, similar to other publications
(e.g. [15]), time normalization used by Gustafson has been abandoned.
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Now, multiplying both sides by p and moving all components
with T'(n,p) to the left hand side we obtain:

p-T(n,p)=p-&(n,p)-T(n,p)+&(n,p)-T(n,p) = T(n,1) (17)
To get the value of speedup S(n,p) resulting from the paral-

lelization we divide both sides of the equation (17) by T'(n,p).
So, eventually, the speedup is equal to:

T(n,1)
T(n,p)

=p-(p-1)-&(n,p) (18)

In this way we received exactly Gustafson-Barsis’s Law (12).
By performing the presented operations in the backward order
the reverse derivation may be done.

4. Conclusions

In this paper it is shown that Gustafson-Barsis’s Law can be
directly derived from Amdahl’s Law and vice-versa. It was
obtained owing to the unification of terms and noticing that
in both models, for any number of processors, one thing is
constant — time of the execution of the sequential part. After
that only simple mathematical operations are necessary to pass
from one law to the other. This derivation should clarify the
relationship between the two laws.
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Prawa Amdahla i Gustafsona-Barsisa - ponowne spojrzenie

Streszczenie: Prawa Amdahla i Gustafsona-Barsisa, nalezace do najbardziej wptywowych
koncepcji w dziedzinie przetwarzania réwnolegtego i rozproszonego, opisujg ograniczenia
przyspieszenia uzyskiwanego dzigki zréwnolegleniu aplikacji, gdy podany jest sekwencyjny
utamek czasu jej wykonania na maszynach sekwencyjnych i réwnolegtych. W literaturze te dwa
prawa sg wyprowadzane oddzielnie lub ich powigzania sg przedstawiane w dos¢ skomplikowany
sposob. W niniejszym artykule wykazano, ze za pomocg prostych przeksztatcen arytmetycznych
w Kilku wierszach prawo Gustafsona-Barsisa mozna uzyskac z prawa Amdahla i odwrotnie.

Stowa kluczowe: obliczenia rownolegte, obliczenia rozproszone, przyspieszenie, miary wydajnosci
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