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1. Introduction

Recently, airspace is becoming an increasingly discussed topic. 
In addition to the well-known planes and helicopters, dro-
nes are becoming an increasingly popular topic. They make 
it possible to carry small objects [1] or search for people [2]. 
The Two Rotor Aerodynamical System is a system that has 
two rotors arranged similarly to a helicopter. In addition, it is 
tethered, which allows to safely control the azimuth and pitch 
angles. The angle of attack of the rotors is constant [3], thus 
the control is only possible via the DC motors. It is a non-
-linear cross-coupling system [4], which means that each rotor 
affects both measured angles.

Choosing the type of controller is one of the most important 
decisions. There are many possibilities, eg. PID [5], LQR [6], 
Model Predictive Control (MPC) [7], fuzzy neural network con-
trol [8]. The opportunity to compare some options with each 
other may help with decision. PID, which is one of the most 
popular and robust controllers [9], can be a good determinant.

Four controllers are used to control the TRAS system – 
two for each angle (due to the presence of cross-coupling). 
This multiplies the number of coefficients that need to be 
chosen. Various optimization algorithms are used to find the 
best values. Methods based on real examples from nature are 
very popular. These include Whale Optimization Algorithm 
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(WOA) [10], Firefly Algorithm (FA) [11], Grey Wolf Optimizer 
(GWO) [12].

The concept of fractional calculus dates back to the 17th cen-
tury, when the derivative α = 1/2 was described by Leibnitz 
in a letter to L’Hospital [13]. It is a field of mathematics that 
requires a lot of computing power, which is why it has been 
developed only in recent years thanks to computers. It enables 
a more precise description of various dependencies, including 
also controllers such as PID, from which the Fractional Order 
PID – FOPID was created.

In the TRAS system the cross-coupling phenomenon 
appears, which requires the use of two controllers (one for 
each output) to calculate control values for a single input. In 
this article it was decided to arrange them in a cascade man-
ner. FOPID controllers serve as a primary part in the control 
loop and PID as an secondary. For comparison purposes, a sec-
ond variant of analogous control was prepared. It only con-
tains PID controllers. This will allow to check if the cascade 
approach is sufficient and whether the cooperation between 
FOPID and PID controllers will give better results than the 
reference control version.

The next chapter describes the PID and FOPID control-
lers. Later section outline Grey Wolf Optimizer method. The 
following chapter describes the mathematical model of the 
TRAS system and the implementation of the simulation. At 
the end, the results of the simulation are presented together 
with the execution times. The article ends with a summary 
with conclusions.

2. PID and FOPID Controller

The FOPID controller has two additional parameters in rela-
tion to the PID. This is because fractional calculus assumes 
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that the derivatives may be of an non-integer order. Therefore, 
the transfer function of the FOPID controller takes the form 
as shown in equation (1):

	
( ) I

c P D

K
G s K K s

s
µ

λ
= + + 	 (1)

where: KP, KI, KD – respectively coefficients of proportional, 
integral, derivative action; λ – order of integral; μ – differen-
tiation part.

Due to the use of fractional order calculus, s should be of 
a non-integer order. For this purpose in this article the Ousta-
loup Recursive Approximation method was used, which is done 
in the frequency range of ω [14]:

Symbols needed to describe the system

Jv −	 sum of moments of inertia relative to the 
horizontal axis

Jh −	 sum of moments of inertia relative to the vertical 
axis

αv −	pitch angle of the beam
αh −	 azimuth angle of the beam
Ωh −	 angular velocity of the beam around the vertical 

axis
Ωv −	 angular velocity around the horizontal axis
ωv −	 angular velocity of the main rotor
ωh −	 angular velocity of the tail rotor
lm −	 length of the main part of the beam
lt −	 the length of the tail part of the beam

Fv(ωm) −	dependence of the propulsive force on the angular 
velocity of the rotor

Fh(ωt) −	dependence of the propulsive force on the angular 
velocity of the tail rotor

fv −	 friction coefficient in the horizontal axis
fh −	 friction coefficient in the vertical axis

Uh −	horizontal DC motor PWM control input
Uv −	vertical DC motor PWM voltage control input
Kh −	horizontal angular momentum
Kv −	vertical angular momentum
mt −	mass of the tail part of the beam
mtr −	mass of the tail motor with tail rotor
mts −	mass of the tail shield
mm −	mass of the main part of the beam
mmr −	mass of the main DC motor with main rotor
mms −	mass of the main shield
mb −	mass of the counter weight beam
mcb −	mass of the counter weight

lt −	 length of the tail part of the beam
lm −	 length of the main part of the beam
lb −	 length of the counter weight beam
lcb −	distance between the counter weight and the joint
rms −	 radius of the main shield
rts −	 radius of the tail shield
khv −	 constant
kvh −	 constant
a1 −	 constant
a2 −	 constant
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where each coefficient is as below:

	

	 (3)

where r ∈ℜ  and r is in the range [−1, 1], ( , )b hω ω  are the 
pulsation interval, N is degree of the approximation.

3. Grey Wolf Optimizer

The behavior of grey wolves was the inspiration for the Grey 
Wolf Optimizer algorithm [15]. Two aspects were taken into 
account: hierarchy and hunting method.

The GWO algorithm distinguishes four subgroups in its hie-
rarchy:

	− alpha – leader,
	− beta – individuals supporting alpha,
	− delta – scouts, hunters, etc.,
	− omega – the weakest individuals.

Furthermore, the hunting process has been divided into 
three steps:

	− tracking and approaching a victim,
	− circling and harassing,
	− attacking the victim.

The equations (4)–(6) describe how the algorithm is perfor-
med:

	 2( ) ( ) 2vD C X t X t C r= ⋅ − = ⋅ 	 (4)

	 1( 1) ( ) 2vX t X t A D A a r a+ = − ⋅ = ⋅ − 	 (5)

	
( 1) ,

3
X X X

X t α β δ+ +
+ = 	 (6)

where X is the position of wolf, Xα, Xβ and Xδ specify the loca-
tion vector of the alpha, beta and delta, Xv is the location of 
prey, t is the current iteration, r1, r2 ∈ [0, 1] are random num-
bers, coefficient a decrease during calculations from 2 to 0.

The algorithm ends the calculation after reaching the max-
imum number of iterations.

4.	Mathematical model of the Two Rotor 
Aerodynamical System

Two Rotor Aerodynamical System is a laboratory model of 
a miniature tethered helicopter (Fig. 1). It is a system that 
can be classified as non-linear MIMO (Multiple Input Multi-
ple Output) [16].
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Fig. 1. Aerodynamical model of TRAS [16]
Rys. 1. Model aerodynamiczny systemu TRAS [16]

There are two rotors in the system. One rotates around the 
vertical axis, the other around the horizontal – like helicopters. 
However, unlike them, there is no possible way to adjust the 
angle of attack of the rotors, only the spin speed. Both rotors 
are connected by a beam that can rotate and change its angu-
lar position around a second vertical beam that serves as the 
connection to the base. With the use of encoders it is possible 
to obtain the values of horizontal angle and vertical angle.

Fig. 2. Simulation model of 
the TRAS with cascade control 
system
Rys. 2. Model symulacyjny 
systemu TRAS z kaskadowym 
systemem sterowania

For the preparation of the mathematical model, it was 
assumed that [16]:
−	 the behavior of the propeller can be described by the first 

order differential equations,
−	 friction in the system can be classified as viscous type,
−	 the behavior of the propeller-air subsystem can be described 

in accordance with the assumptions of the flow theory.

Ultimately, the TRAS system can be described by the 
equations (7)–(10) – as shown below [16]:
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5. Implementation of simulation

The cross-coupling phenomenon appears in the TRAS, which 
means that both position angles should be taken into account 
for each control input to the system.

In the article, it was decided to test the interaction of PID 
and FOPID controllers in a cascade control system. For this 
purpose, a simulation in the MATLAB/Simulink environment 
was prepared (Fig. 2). To implement PID controllers, default 
PID blocks were used with the filter coefficient value set to 
100. The model of the TRAS system (the grey block in the 
middle of the figure – provided by INTECO) takes the control 
values for both rotors as input. The output from the system 
are azimuth angle, pitch angle, azimuth RPM, pitch RPM.

The TRAS simulation model provided by INTECO was used 
in default configuration, which means that the values were 
assumed according to the instruction [16]:

mt = 0.032 kg	 lt = 0.216 m
mtr = 0.225 kg	 lm = 0.202 m
mts = 0.061 kg	 lb = 0.145 m
mm = 0.03 kg	 lcb = 0.15 m
mmr = 0.252 kg	 rms = 0.145 m
mms = 0.083 kg	 rts = 0.1 m
mb = 0.1 kg
mcb = 0.0256 kg
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It should be assumed that:
ea – difference between the set point and the actual value of 

the azimuth angle,
ep – difference between the set point and the actual value of 

the pitch angle.

For the tail rotor, the primary controller is FOPID, to which 
the ea signal is provided as input. The output value is summed 
with the signal ep, which ultimately is the input for the sec-
ondary PID controller. The situation is analogous for the main 
rotor. FOPID again is the primary controller, but this time the 
input signal is ep. The output value is summed with ea, which 
then goes to the secondary PID controller.

For comparison purposes, an identical simulation was pre-
pared in which the FOPID1 and FOPID3 blocks were replaced 
respectively by PID1 and PID3.

In order to determine the coefficients, the GWO algorithm 
was used, which needed input parameters (Table 1). It was also 
necessary to prepare initial range of the sought coefficients – 
as presented in (11).
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Equation (12) was used as a cost function:
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In all calls to the GWO algorithm, the main goal was to 
reduce the difference between the received values and the refe-
rences – marked in blue on the graphs in the Figures 3 and 4.

6. Results of simulation

In this article the Two Rotor Aerodynamical System was simu-
lated in two variants, both with cascade control system:
−	 Variant 1 – this is a version for comparison with four 

PID controllers,
−	 Variant 2 – version in which both primary controllers are 

FOPID, while PID act as secondary controllers.
The GWO algorithm was used to find the coefficients for 

the controllers. Their values are presented in Table 2.
Figure 3 shows the azimuth angle graph of the TRAS sys-

tem. The blue line indicates the reference the system is trying 
to reach. The green color shows the behavior of variant 1 with 
only PID controllers, while the red color shows the response 
of the system containing the FOPID controllers. Variant 1 
reaches the first setpoint slightly earlier. After that, both ver-
sions behave very similarly until the 20th second, when the 

setpoint changes. Here are the biggest differences. For vari-
ant  1 overshoot can be observed. In variant 2 this phenomenon 
does not occur and it approaches the set value as dynamically 
as the version marked with green color. As a result, it takes 
variant 1 more than twice as long to reach the setpoint than 
for second control version (marked as red). Another difference 
becomes apparent after the 40th second, when the setpoint 
changes again. The differences are very similar to those at the 
very beginning of the chart. However, it is worth noting that 
for variant 1 there are slightly stronger oscillations around 
the reference.

The pitch angle behavior is illustrated by the Figure 4. The 
greatest differences between the actions of both variants are 
visible when the first maximum is reached. The behavior is very 
similar for about first 2 seconds. However, then it can be seen 
that variant 1 starts to steadily reach values above the set value. 
When reaching the maximum, the graph briefly drops below 
the set value and only then stabilizes. Variant 2 is approaching 
the reference already in the middle of the climb to the maxi-
mum. For most of the time both variants follow the setpoint 
very well. The only differences can be seen for a while after the 
20th second and after reaching the second minimum. In the first 
case, the sudden change in the azimuth angle setpoint caused 
the problem. Variant 1 copes with such an issue worse – there 
are some deviations. On the other hand second control version 
keeps up with the reference. In the second case for variant 1, 
approximately 10 seconds have elapsed since the setpoint was 
changed abruptly for the azimuth angle. Therefore, it can be 

Tab. 1. Input parameters for GWO algorithm
Tab. 1. Parametry wejściowe dla algorytmu GWO

Parameters Values

Number of wolves in herd 5

Maximum number of iterations 200

Tab. 2. Coefficients for all variants
Tab. 2. Współczynniki wszystkich wariantów

Variant 1 P I λ D μ

PID 1 213.75 0.96 — 148.89 —

PID 2 2593.34 0.93 — 0.64 —

PID 3 110.59 6.55 — 1.39 —

PID 4 57.01 34.38 — 86.85 —

Variant 2 P I λ D μ

FOPID 1 19.30 184.33 –0.0089 15.80 0.027

PID 2 739.63 2.23 — 610.29 —

FOPID 3 30.10 19.83 –0.17 1036.41 0.24

PID 4 16.51 25.74 — 10.62 —

Fig. 3. TRAS - plot for azimuth angle response
Rys. 3. TRAS - wykres pomiaru kąta azymutowego
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Fig. 4. TRAS – plot for pitch angle response
Rys. 4. TRAS – wykres pomiaru kąta nachylenia

Tab. 3. Values of cost function (12)
Tab. 3. Wartości funkcji kosztu (12)

Cost Function

Variant 1 294.16

Variant 2 284.94

Fig. 5. Execution time: FOPID 1 vs PID 2
Rys. 5. Czas wykonania: FOPID 1 vs PID 2

Fig. 6. Execution time: FOPID 3 vs PID 4
Rys. 6. Czas wykonania: FOPID 3 vs PID 4

Fig. 7. Execution time of control loops: tail rotor vs main rotor
Rys. 7. Czas wykonania pętli sterujących: wirnik ogonowy vs główny wirnik

concluded that option 1 is a bit worse at reaching the minimum, 
because also in the first case the deviations lasted after reaching 
the minimum.

The values of the cost function (12) are shown in table 3. 
Variant 2 (with FOPID controllers) achieved a much better 
result, which was already indicated by the previous charts.

Figures 5 and 6 respectively show the execution time of the 
controllers for variant 2 for the tail and main rotor control loops. 
Simulations were performed with fixed step 0.02 on a computer 
with Intel (R) Core (TM) i5-4460 CPU @ 3.20 GHz processor. 
It can be observed that the operation time of PID controllers is 
definitely shorter than that of FOPID controllers. The difference 
is one order of magnitude for both control loops for variant 2. 
Figure 7 shows the execution time of the entire control loops. 
It can be seen that the control for the main rotor is computed 
slightly faster than for the tail rotor.

Tab. 4. Average execution time of controllers and whole control loops
Tab. 4. Średni czas wykonania regulatorów i całych pętli sterowania

Controller/Control Loop Average execution time

FOPID 1 1.6138e-07

PID 1 2.0591e-08

Tail Rotor control loop 3.3394e-07

FOPID 3 1.2268e-07

PID 4 2.0228e-08

Main Rotor control loop 1.8860e-07

Tab. 5. Maximum execution time of controllers and whole control 
loops
Tab. 5. Maksymalny czas wykonania regulatorów i całych pętli sterowania

Controller/Control Loop Maximum execution time

FOPID 1 7.0250e-07

PID 1 3.2625e-07

Tail Rotor control loop 9.9125e-07

FOPID 3 5.3500e-07

PID 4 2.5375e-07

Main Rotor control loop 6.0750e-07
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Tables 4 and 5 present average and maximum execution time 
values for variant 2. The table 4 confirms the observations from 
the 5–7 plots. However, in the case of the maximum values the 
differences between the individual controllers are not so large. 
In extreme cases PID controllers are only 2 times faster than 
FOPID. Nevertheless, all controllers perform their calculations 
fast enough to meet the requirements for real-time systems.

7. Conclusions

It can be concluded from the article that in the case of cascade 
control FOPID and PID controllers can cooperate with each 
other well enough that they achieve better results than the 
version with classic counterparts only. In the case of the pitch 
angle for the second control version it was even possible to 
remove the deviations caused by the sudden change of the azi-
muth angle setpoint. Coefficients of individual controllers were 
determined by the GWO algorithm. Many simulations were 
carried out to find the best values. Additionally, the execution 
times of all controllers were measured. As expected, the clas-
sic versions were definitely faster. However, in the case of the 
maximum values the differences were smaller. Ultimately both 
controllers met the requirements of real-time systems.

The author plans to conduct experiments on the TRAS sys-
tem from INTECO in order to be able to confront the conclu-
sions of the simulations with reality. Furthermore, it would be 
worthwhile to also perform comparisons with PI-D controllers.
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Streszczenie: Dwurotorowy system aerodynamiczny to nieliniowy system, w którym występuje 
sprzężenie krzyżowe. W przypadku tego układu poszczególne wirniki wpływają na obie mierzone 
wartości: kąt azymutowy i kąt nachylenia. W związku z tym obie wartości muszą być używane 
w każdej pętli sprzężenia zwrotnego. Umożliwia to realizację kaskadowego układu sterowania. 
Zdecydowano się na zastosowanie FOPID jako regulatorów nadrzędnych i PID jako regulatorów 
podrzędnych. W celach porównawczych przygotowano analogiczny układ regulacji z samymi PID. 
Współczynniki wyznaczono za pomocą algorytmu Grey Wolf Optimizer (GWO). Wszystkie symulacje 
wykonano w środowisku MATLAB/Simulink. Oprócz porównania wartości funkcji kosztu sprawdzono 
również czas wykonania poszczególnych regulatorów.

Słowa kluczowe: FOPID, PID, TRAS, dwurotorowy system aerodynamiczny, optymalizacja, algorytm GWO, aproksymacja ORA, czas wykonania

Symulacja sterowania kaskadowego dla dwurotorowego systemu 
aerodynamicznego z wykorzystaniem regulatorów FOPID oraz PID
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