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Simple Stability Conditions of Linear Switched Systems
with Time-Dependent Switching
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Abstract: In this paper, the stability of continuous-time and discrete-time linear switched systems
with time-dependent switching is investigated. Solutions to the state equations are provided and
sufficient conditions for the stability of such systems are established. The stability conditions
presented for continuous-time systems are valid in the following cases: 1) there are no specific
restrictions on the switching function if each switching interval is equal to or greater than 1 second;
2) the switching function has to be a periodic function (or a function describing permutations of
identical sequences of subsystems) if at least one of the switching intervals is less than 1 second.
In the case of discrete-time systems the switching function is arbitrary. The effectiveness of

the presented approach is demonstrated by numerical examples.
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1. Introduction

The dynamics of many real physical phenomena can be descri-
bed by a set of subsystems and a logical rule that controls the
switching between them [12]. Mathematical models of such
systems are called switched systems. This class of dynamical
systems has been considered since the end of the 20" century
[4, 13].

The theory of switched systems is widely used in many engi-
neering problems related to mechanical systems, power elec-
tronic converters, electric power systems, multi-agent systems,
the automotive industry, aircraft and air traffic control, and
many other fields, see, e.g., [1, 5, 8, 16, 20].

Stability is one of the most important concepts in dynamical
systems theory. The stability of the considered class of systems
has been studied in many papers and books for: standard swit-
ched systems [4, 12-14, 17, 19, 22], positive switched systems
[7, 25], singular switched systems [2, 26], as well as hybrid
systems [4, 15, 17]. Moreover, in recent years, fractional-order
switched systems have attracted much attention from resear-
chers and problems concerning the stability of such systems
have also been studied [6, 9, 21, 23].

The literature also includes many works devoted to the con-
trol and stabilization of switched systems [12, 18, 24].

In this paper, the stability of continuous-time and discrete-
-time linear switched systems with time-dependent switching
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will be investigated and some simple stability conditions for
this class of dynamical systems will be established. It is assu-
med that it is possible to determine the relationship between
the total switch-on time of individual subsystems. Moreover,
the conditions presented for continuous-time systems are valid
in the following cases: 1) there are no specific restrictions on
the switching function if each switching interval is equal to
or greater than 1 second; 2) the switching function has to be
a periodic function (or a function describing permutations of
identical sequences of subsystems) if at least one of the swit-
ching intervals is less than 1 second. In the case of discrete-
-time systems the switching function is arbitrary.

The paper is organized as follows. In Section 2 considered
state-space models of switched linear systems are introduced
and solutions to the state equations of such systems are provi-
ded. Section 3 is devoted to the stability analysis of switched
systems. In this section, sufficient conditions for the stability
are established. Numerical examples are presented in Section
4. Concluding remarks are given in Section 5.

The following notation will be used: R — the set of real
numbers, R™™ — the set of n x m real matrices and R" = R™,
Z,, — the set of nonnegative integers.

2. Preliminaries

In this section considered state-space models will be presented
and solutions to the state equations will be provided.

2.1. Continuous-time linear switched systems
Consider the continuous-time linear switched state-space model
in the form

l‘(t) = Aa(t)x(t)v (1)

where z(t) € R" is the state vector, 4_, € R™, o(t) is the
piecewise constant switching function which takes values in
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the finite set {1, 2, . .., N} and N is the number of subsys-
tems. It is assumed that there are no jumps of the state vari-
ables at the switching instants ¢, i € Z , and the of(t,)-th
system is active in the interval t e [t,t, ).

It is well-known [10] that the solution to the equation (1) in
the interval t € [t,,t, ) is given by

w(t) =", @

where z, = 2(t,) e R" is the initial condition at the switching
instant fi, i€ ZZU

From (2) it follows that the initial conditions at the switching
instants ¢, i € Z,, can be computed using the following recur-
sive formula

7, =alt,)=e"" e, (3)

where

Using the equation (3) for i = 0 we obtain

Ay M

z, =e . (5)

From the formula (3) for i = 1 and (5) we have

A At, A At A At
_LeBh _ e Aetig) B
T, =¢ T =e e . (6)

We can continue this procedure for 7 > 2.
Therefore, the initial condition z, € R" at 4th switching

instant ¢, i € Z,, for known initial condition z, € R" and pre-
vious switching instants %, . . ., ¢ is given by the formula

. . At,
_ Aot pBlia Aoty Rli2 5 (19) 2%
T, =€ e ...e 7, (7)

where At is defined by (4).

Thus, from equations (2) and (7) we obtain the following solu-
tion to the state equation (1).

Lemma 1. The solution to the equation (1) for known initial

condition 7, € R" and switching instants ¢, i e Z, is given
by the formula
Ay (=t) A, (A) A (Aty)
a(t) = & T )t By (8)

where At, is defined by (4).

2.2. Discrete-time linear switched systems
Consider the discrete-time linear switched state-space model
in the form

=A,7, kel (9)

where 7, e R" is the state vector, A e R™, o, is the swit-
ching functlon which takes values in the finite set {1,2,..., N}
and N is the number of subsystems. It is assumed that the

. -th system is active in the interval k € [k,,&, ,) and the ini-
t1a1 condition of that system is the final value of the state vec-
tor in the previous switching interval k € [k, ,k,).

It is well-known [10] that the solution to the equation (9) in
the interval k e[k, k, ) is given by
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- _ Ak—kif“ (10)

U'l(’
where z, = 7(k,) e R" is the initial condition at the switching

instant k, i e Z,,

For discrete-time systems, one can present considerations ana-
logous to those introduced in Section 2.1. Therefore, the initial

conditions 7, € R" at the switching instants k, i € Z_, can be
computed either from the recursive formula
— — AAk—
xi+l = 'r(kﬂl) = Auk,xi (11)
or the equation
— _ qAk, FAk,  F Ak —
T, = A"m Aak ; ...A% 7, (12)
where
Ak, =k,  —k,. (13)

Thus, from (10) and (12) we obtain the following solution to
the state equation (9).

Lemma 2. The solution to the equation (9) for known initial

condition 7, € R" and switching instants k, i € Z_ is given
by the formula
— Ak=k AAk | Ak AAk —
T, =A A AT AT (14)
k % %y kig %k 0

where Ak, is defined by (13).

3. Stability of linear switched systems

In this section sufficient conditions for stability of continuous-
-time and discrete-time switched linear systems will be esta-
blished.

To obtain the stability conditions the following norms will
be used:
1) co-norm of a vector z = [z,] € R"

ol = maxe

1<i<n

z, (15)
R

j. (10

In the following considerations we will use well-known opera-
tions on norms of vectors and matrices [11].

2) oo-norm of a matrix A =[a,]e

a..
v

1<i<n

- [ 3

We also assume that it is possible to determine the relation-
ship between the total switch-on time of individual subsystems
of the switched systems (1) and (9). Moreover, the conditions
presented for continuous-time systems are valid in the follo-
wing cases:

1) there are no specific restrictions on the switching function
o(t) if each switching interval At 21, ieZ,;

2) the switching function has to be a periodic function (or
a function describing permutations of identical sequences
of subsystems) if at least one of the switching intervals
At <1.

In the case of discrete-time systems the switching function
is arbitrary.
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If the number of switching instants is finite, testing the sta-
bility of the switched system is reduced to testing the stabil-
ity of the last active subsystem using methods known in the
literature for standard linear systems [3, 10].

3.1. Stability of continuous-time switched

systems
Definition 1. The continuous-time switched system (1) is called
asymptotically stable if

lim 2(t) =0, (17)
for all initial conditions z, € R".
From (8) we have
tim o)) = tim e+ e
(18)

<l

Dl

Let us introduce TJ 20, T,>0,j=1, .., N, which denotes
the total switch-on time of the Jth subsystem and observe that

N N
= T] Zc]t, ZC]. =1,

i1 i=1

"MZ

<.
Il
-

(19)

where ¢, 2 0, j=1,..., Nis the relative total switch-on time
of the j-th subsystem. Therefore, the inequality (18) can be

rewritten as
J
=]

,1[ tjumou-

The above considerations are valid in the following two cases:
1) for the switching intervals satisfying At, >1, i € Z,, we
have

lim ||z(t "

t—w0

(|

(21)

and the inequality (20) holds for an arbitrary switching
function o(t);

2) for any switching interval satisfying At, <1 we have

(22)

and the inequality (20) holds only for a periodic switch-
ing function o(f) (or a switching function describing
permutations of identical sequences of subsystems).

Therefore, we obtain hm"x(t)" =0 if

t—o0

! (23)
and this implies
N c
Il “ <1 (24)
j=1

Thus, the following theorem has been proved.

Kamil Borawski

Theorem 1. The continuous-time switched system (1) is asymp-
totically stable if the switching function o(f) :
1) is any function satisfying the condition (24) for At > 1,
i€ Z;
2) is a periodic function (or a function describing permuta-
tions of identical sequences of subsystems) satisfying the
condition (24) for at least one At, <1, i€ Z,

3.2. Stability of discrete-time switched systems
Definition 2. The discrete-time switched system (9) is called
asymptotically stable if

mZz, =0 (25)

koo K

for all initial conditions 7, € R".

The analysis can be performed in a similar way as for con-
tinuous-time systems. From (14) we have

Ak kAAk A

[ef
Tk y ko

lim || | =lim
k—o k—o
Ak

< H( i )||fﬂ||.

Introducing Kj >0, j=1,..., Nas the total switch-on time
of the j-th subsystem and noticing that

N N N
k=YK =) dk, >d =1
j=1 j=1 j=1

(27)

where d >0, j=1, , N is the relative total switch-on time
of the ]—th subbystem the inequality (26) can be rewritten as

N —
il < TT(JA]" )|
\
=11

(] )l
!

The switching intervals always satisfy the condition Ak, >1,
i€Z,, since keZ,. Therefore, the inequality (28) always
holds for an arbitrary switching function o, since

— — Akl

A4, (29)
for Ak, 21, ieZ,,.

Thus, we obtain lim"a_ck_" =0 if
k—o0
im[117]" - (30

and this implies

N —

4] <t (31)

j=1

Therefore, the following theorem has been proved.
Theorem 2. The discrete-time switched system (9) is asympto-

tically stable if the switching function o, is any function satis-
fying the condition (31).

57



Simple Stability Conditions of Linear Switched Systems with Time-Dependent Switching

3.3. Discussion

The conditions given in Theorems 1 and 2 take advantage of the
fact that the stability of switched systems depends mainly on
the form of the switching function. The topic of stable switched
systems composed of stable and unstable subsystems is well-
-known and widely discussed in the literature [14]. Therefore,
an adequate ratio of the switch-on times of the individual sub-
systems must be ensured.

Due to the above, methods based on analyzing the position of
the system poles on the complex plane do not apply to switched
systems. Thus, the conditions proposed in the article are based
on bounding the norm of the state vector. The undoubted advan-
tage of this approach is its simplicity allowing the investigation
of switched systems with various configurations, consisting of
both stable and unstable subsystems, as long as the condition
of the switch-on times ratio for individual subsystems is met.

However, the actual stability region boundaries of the switched
system may be located further than the calculations result, as
the conditions are obtained through the use of matrix norms
inequalities. Therefore, it is an open problem to provide the
necessary conditions for the stability of switched systems using
the presented method. Furthermore, extending the analysis to
a wider group of switching functions for the case of continu-
ous-time systems with faster switching (with time intervals less
than 1 second) is also an open issue.

4. Numerical examples
Example 1. Consider the continuous-time linear switched sys-

tem (1) consisting of N = 3 subsystems with the state matri-
ces given by

(32)

It is easy to check that only the first subsystem is stable, while
the other two are unstable. We compute the norms

el =0.045, |e®| =18.1813, |[e*|=19.0262. (33)
10
zi(t)] |
l‘z(t)
z3(t) | |
\*_;/ 4
00 5 11 5 22 5 33 5 4
t[s]
= 2 -
)
00 5 11 5 22 5 33 5 4

t[s]

Fig. 1. State variables (up) and the switching function (down) of the
continuous-time linear switched system (1) with (32) for x, =[425]"
Rys. 1. Zmienne stanu (u gdry) i funkcja przetaczajaca (u dotu) liniowego
ciggtego uktadu przetgczalnego (1) o macierzach (32) dlax,=[425]"
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From (19), (24) and (33) we obtain

0.045% -18.1813“ -9.0262% < 1
(34)
¢ te, +e, = 1.

Therefore, the switched system (1) with (32) will be asymp-
totically stable if the switching function o(t) satisfies the con-
dition (34), i.e., the ratio of the switch-on times of subsystems
will be ¢, : ¢, : ¢, such that (34) holds.

For further analysis we assume ¢, = 0.5, ¢, = 0.2, ¢, = 0.3
satisfying (34) and we define the switching function as

2, te[l1+0.2),

o(t)=11, te[l+0.2,1+07), leZ (35)

0"

3, te[l+0.7,1+1),

In Figure 1 we present time plots of the state variables of
the continuous-time linear switched system (1) with (32) for
z,=[425]" and the time plot of the switching function o(t)
given by (35). We can see that the state variables tend to zero.
Similar results can be obtained for any other initial condition
z, and for any switching function of(t) satisfying the
condition (34).

Example 2. Consider the discrete-time linear switched system
(9) consisting of N = 2 subsystems with the state matrices
given by

0.7 11 04 06 0 0.1
A =08 09 02|, 4,=/03 03 0 (36)
05 12 0.1 0.1 0.1 0.4

It is easy to check that the first subsystem is unstable and the
second one is stable. We compute the norms

|4] =22 |4]=07 (37)
8
.
. ° ﬂfm
6L . e T2k ]
. ® I3k
S 4r° : 4
L] L)
* . H
®e .
26 :. ° '; ‘ 4
H
T P | .
0 .'w .'.', ....inl. ...- 0%, .
01 02 03 04 05 06 0
k
o
&
1 oo o0 o0 o00 00 o0 -
| | | | |
01 02 03 04 05 06 0
k

Fig. 2. State variables (up) and the switching function (down) of the
discrete-time linear switched system (9) with (36) for En =[123]
Rys. 2. Zmienne stanu (u géry) i funkcja przetaczajgca (u dotu) liniowego
dyskretnego uktadu przetgczalnego (9) o macierzach (36) dla Eo =[123]
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From (27), (31) and (37) we obtain

2.2%.0.7% <1
(38)
d1 + d2 =1.

Therefore, the switched system (9) with (36) will be asymp-
totically stable if the switching function o, satisfies the con-
dition (38), i.e., the ratio of the switch-on times of subsystems
will be d, : d, such that (38) holds.

For further analysis we assume d, = 0.3, d, = 0.7 satisfying
(38) and we define the switching function as

1, kmod10e{o,1,2},
O-k =

(39)
3, kmodl()e{3,4,...,9},

where mod denotes the modulo operation.

In Figure 2 we present time plots of the state variables of
the discrete-time linear switched system (9) with (36) for
7, =[123]"and the time plot of the switching function
o, given by (39). We can see that the state variables tend
to zero. Similar results can be obtained for any other initial
condition Iz, and for any switching function o, satisfying
the condition (38).

5. Concluding remarks

In this paper, the stability of continuous-time and discrete-
-time linear switched systems with time-dependent switching
has been investigated. Solutions to the state equations of such
systems have been provided (Lemmas 1 and 2). The main
result of the paper is the establishment of sufficient condi-
tions for the stability of the continuous-time (Theorem 1) and
discrete-time (Theorem 2) linear switched systems. The effec-
tiveness of the presented approach has been demonstrated by
numerical examples.

The conditions proposed in the article are based on the
matrix and vector norms calculus since the methods using the
analysis of the position of the system poles on the complex
plane do not apply to switched systems. The undoubted advan-
tage of this approach is its simplicity allowing the investigation
of switched systems with various configurations, consisting of
both stable and unstable subsystems, as long as the condition
of the switch-on times ratio for individual subsystems is met.

The considerations can be further extended to fractional-or-
der linear switched systems. Establishing the necessary condi-
tions for the stability of this class of dynamical systems based
on the presented methodology also remains an open prob-
lem. Furthermore, extending the analysis to a wider group of
switching functions for the case of continuous-time systems
with faster switching (with time intervals less than 1 second)
is also an open issue.
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Proste warunki stabilnosci liniowych uktadow przefaczalnych
Z przetaczaniem zaleznym od czasu

Streszczenie: w artykule zbadano stabilnos¢ ciggtych i dyskretnych liniowych uktaddéw
przetgczalnych z przetgczaniem zaleznym od czasu. Podano rozwigzania réwnan stanu i wyznaczono
warunki wystarczajgce stabilnosci takich uktadéw. Warunki przedstawione dla uktaddw ciggtych sg
stuszne w nastepujgcych przypadkach: 1) nie ma szczegdlnych ograniczen na funkcje przetgczania,
jezeli kazdy przedziat czasu w kolejnych przetaczeniach jest nie krétszy niz 1 sekunda; 2) funkcja
przetgczajgca musi by¢ funkcjg okresowg (lub funkcjg opisujgca permutacje identycznych sekwenciji
zatgczanych poduktaddéw), jezeli co najmniej jeden z przedziatdw czasu w kolejnych przetgczeniach
jest krétszy od 1 sekundy. W przypadku uktaddw dyskretnych funkcja przetgczajgca jest dowolna.
Skutecznosé zaprezentowanego podejscia pokazano na przyktadach numerycznych.

Stowa kluczowe: ciagty, dyskretny, liniowy, uktad przefaczalny, stabilnosc, przetaczanie zalezne od czasu
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